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Influence of Numerical Dissipation on Computational
Euler Equations for Vortex-Dominated Flows

Osama A. Kandil* and Andrew H. Chuangf
Old Dominion University, Norfolk, Virginia

Steady, supersonic vortex-dominated flows are solved using the unsteady Euler equations for conical flows
around sharp- and round-edged delta wings. A finite-volume scheme with a four-stage Runge-Kutta time stepping
and explicit second- and fourth-order dissipation terms has been developed to obtain the steady flow solution
through psuedo time stepping. The grid is generated by using a modified Joukowski transformation. The scheme
has been applied to flat-plate and elliptic-section delta wings at different angles of attack, freestream Mach
numbers, and grid sizes. For the sharp-edged wings, separated-flow solutions are always obtained, while for
round-edged wings both separated- and attached-flow solutions can be obtained, depending on the level of
numerical dissipation. The round-edged results also show that the solutions are independent of the way time
stepping is done—local time stepping and global minimum time stepping produce the same solutions.

Introduction

I N the early '60s, Stanbrook and Squire1 classified the
flowfield about sharp-edged delta wings according to the

normal angle of attack and normal Mach number, aN and
MN, into two main types: a flow with leading-edge separation
and a flow with an attached flow at the leading edge. In Fig.
la, the former type of flow is referred to as region A, and the
latter type of flow is referred to as regions B and C. In region
A, the flow separates at the leading edge (primary separation)
and rolls up into a leading-edge vortex core that creates a
suction-pressure peak on the wing upper surface with an
adverse spanwise pressure gradient. The outboard, spanwise,
boundary-layer flow on the upper surface separates due to the
adverse spanwise pressure gradient forming a secondary sep-
aration and causing, for laminar boundary-layer flows, another
suction peak in the spanwise pressure distribution. Depending
on the flow conditions, tertiary separation may develop on the
outboard side of the secondary point of separation.

In regions B and C, a detached or attached bow shock is
formed upstream of the leading edge, the flow is attached at
the leading edge, and supersonic flow expansions occur ending
with an inboard conical shock. Depending on the shock
strength, shock-induced separation may develop on the in-
board side of the shock.

The Stanbrook-Squire diagram was modified by
Vorropoulos and Wendt,2 who introduced subregion A1 within
region A, where a conical shock was observed on the suction
side under the leading-edge vortex. The flow in this region,
between the wing surface and the lower surface of the
leading-edge vortex, is analogous to the flow in a convergent-
divergent channel where the accelerated supersonic flow ends
with a shock.

Miller and Wood3 expanded the Stanbrook-Squire diagram
through an extensive experimental research program. Depend-
ing on MN and OLN , they classified the flow into seven regions,
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as shown in Fig. Ib. In addition to the flows described,
leading-edge separations with shock waves above the leading-
edge vortex are also possible flows for subsonic and super-
sonic MN at large aN.

It is obvious that we are dealing with a very complex
flowfield, which may include a leading-edge separation with a
secondary separation, an attached leading-edge flow with an
inboard shock and a possible shock-induced separation, or a
combination of the leading-edge separation and the inboard
shock with secondary and shock-induced separations. The
complexity of the flowfield increases at large angles of attack
when the leading-edge vortex core breaks down over the wing.
The ultimate complexity of the flowfield is encountered during
maneuverability, when the flowfield will change from one
region to the other along with the effects of time history of the
the flow.

In the computational area, a substantial volume of research
work has recently been and is still being produced by several
investigators to accurately predict certain types of the many
complex types of flowfields presented previously. These pre-
diction techniques are based on the full potential equation,4'6
the Euler equations,7'18 and the Navier-Stokes equations.19"21

An extensive review of the physical aspects and numerical
simulation of vortical flows is given by Newsome and Kandil.22

The study of vortex-dominated flow through the solution of
steady, supersonic vortex-dominated flows, which are exact
conical flows for the Euler equations, is a computationally
economic approach that provides rich information on the
computational schemes and their reliability for this type of
flow in three-dimensional problems. Solutions for supersonic
conical flows have recently been presented for sharp-edged11'15

and round-edged14'16 leading-edge delta wings. Using the
central-difference finite-volume scheme with Runge-Kutta
time stepping or McCormack's unsplit, explicit, finite-
difference scheme14'15 for sharp-edged wings, separated-flow
solutions have always been obtained independent of the grid
fineness. On the other hand, the computational solutions of
the upwind finite-volume scheme with flux splitting15 for
sharp-edged wings have shown attached flows with coarse
grids and separated flows with fine grids.

For round-edged wings, McCormack's unsplit, explicit
scheme produces separated-flow solutions with coarse grids
and attached-flow solutions with fine grids.1445 On the other
hand, the upwind finite-volume flux-splitting scheme15 always
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produces attached-flow solutions irrespective of the grid fine-
ness. In Ref. 16, and for the same round-edged wing used in
Refs. 14 and 15, it has been shown that a very coarse grid
using an upwind TVD scheme produces separated- and at-
tached-flow solutions depending on the time stepping. It has
been shown that with local time stepping, separated-flow
solutions are obtained, while with global minimum time step-
ping, attached flow solutions are obtained. In Ref. 17, the
authors have initially shown, using a central-difference finite-
volume scheme with Runge-Kutta time stepping, that the
inconsistent solutions for round-edged wings are strongly de-
pendent on numerical dissipation.

In this paper, we investigate the influence of numerical
dissipation on the solution obtained using the central-dif-
ference finite-volume scheme with Runge-Kutta time stepping
for vortex-dominated flows. This includes sharp- and round-
edged delta wings using coarse and fine grids. Keeping the
dissipation level and the grid size fixed, we investigate the
effect of time stepping, using local time stepping and global
minimum time stepping, on the type of solution obtained.
Additional results are given by the authors in Ref. 18.

Formulation and Computational Method
The conservation form of Euler equations for three-dimen-

sional, unsteady compressible flow without external heat ad-
dition is

dt dx dy dz (1)
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where the flow vector field q and the fluxes E, F, and G are
given by

q = [ p , p u , p v , p \ v , p e ] 1

E=[pu, pu2 + p, puv, puw, p u h ] 1

F=[pv, puv, pv2 4-p, pvw, pvh]'

G — [ pw, pww, ptw, pw2 +/?, pw/z]'

where

and
h = e + p/p

(2)

(3)

(4)

In Eqs. (1-4), p is the density; u, v, and w the velocity
components, p the pressure; e and h the total energy and
enthalpy per unit mass; and y the gas index.

For steady supersonic flows, Eqs. (1) and (2) are simplified
by assuming a conical flowfield. Introducing the conical coor-
dinates defined by

in Eq. (1), we obtain

3F dG

where
F=F-r]E and G=G-

(5)

(6)

(7)

The pseudo time-stepping technique yields, upon reaching a
steady flow, self-similar conical solutions. Equation (6) is
solved at x — l.

Equation (6) is transformed to the computational domain
Y= y(i?,?) and Z = Z(rj,f). Integrating the resulting equa-
tion over the Y-Z computational domain, applying the diver-
gence theorem, and using the result for a typical cell, the
resulting difference equation is given b y ( A 7 = A Z = l)

(dq
(~dt

OO 0.2 0.4 0.6 0.8 1.0 1.2 1.A Mn 1.3 (8)

Fig.6
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O Classical vortex
Q Separation bubble
O Shock-induced bubble
A No separation

Solid symbols indicate no shock
observed

Open symbols indicate shock
observed

1-b

Fig. 1 Classification diagrams for delta wings; a) Stanbrook-Squire
diagram with subregion A, (Ref. 2), b) Miller-Wood diagram (Ref. 3).

Fig. 2 Typical 64 X 64 coarse grid generated by a modified Joukowski
transformation.
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Fig. 3 Separated-flow solution, sharp edge, M^ = 2, a = 10 deg,
e2 = 0.1, e4 = 0.001; a) cross-flow velocity, b) cross-flow Mach con-
tours, and c) surface pressure.

Fig. 4 Separated-flow solution, sharp edge, M^ = 2, a = 10 deg,
e2 = 0.1, e4 = 0.001; a) cross-flow velocity, b) cross-flow Mach con-
tours, and c) surface pressure.
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Fig. 5 Separated-flow solution, sharp edge, M^ = 1.5, a = 15 deg,
e2 = 0.12, e4 = 0.0012; a) cross-flow velocity, b) cross-flow Mach con-
tours, and c) surface pressure.

where q and F, (/, and E are the flow vector field and the
flux components in the computational domain, respectively,
and the half-integer subscript refers to the cell boundary. The
inverse of the Jacobian is given by

J~l = T) £ — T] £ (9)

Second- and fourth-order dissipation terms18 are added to Eq.
(8), where the level of dissipation is changed through the
change in the damping parameters e2 and c4.

The boundary conditions consist of a no-flux condition
along the line of symmetry and on the wing surface, and a
far-field boundary condition on the outer boundary of the
computational domain. Along the line of symmetry, the pres-
sure is extrapolated from the interior points, while on the wing
the normal momentum equation is used to extrapolate the
pressure from the interior points. The far-field condition is
enforced by specifying freestream conditions on a large outer
boundary such that the bow shock is captured as a part of the
solution.

A modified Joukowski transformation12 is used to generate
the grid in the physical domain for the conical flow problems.
The solutions are obtained by using four-stage, Runge-Kutta
local time stepping starting from initial conditions corre-
sponding to the freestream conditions, which represent an
impulsive entry of the wing into the uniform flow. For time-
accurate calculations, global minimum time stepping is used.

Computational Results
The conical flow code is applied to flat-plate and elliptic-

section delta wings. The former represents the flow around a
sharp leading edge, while the latter represents the flow around
a round leading edge. The sweep-back angle ft of all the
computed cases is 70 deg. We used three grid sizes: a very
coarse grid (28 X 38 cells), a coarse grid (64 X 64 cells), and a
fine grid (100 X 100 cells), where the first number is the
number of cells normal to the wing surface, /max, and the
second number is the number of cells around the wing, Kmax.
In all of the following examples, no Kutta or Kutta-like
condition is enforced. Figure 2 shows a typical conical grid
(64 X 64) generated by the modified Joukowski transforma-
tion.

Sharp-Edged Wings
Figures 3 and 4 show the results with a very coarse and a

coarse grid, respectively, for a flat-plate delta wing. The damp-
ing parameters in the two cases are e2 = 0.1 and e4 = 0.001. In
each figure, we show the cross-flow velocity, the cross-flow
Mach contours, and the surface pressure at different iteration
cycles. The cross-flow velocity, Figs. 3a and 4a, shows sep-
arated-flow solutions. The cross-flow Mach contour, Fig. 4b,
indicates a small cross-flow shock existing under the vortex.
The iteration history of the surface pressure shows that the
flow fully separates either at the 100th iteration step, Fig. 3c,
or at the 200th iteration step, Fig. 4c. By varying e2 between
0.1 and 0.01 and e4 between 0.004 and 0.001, separated-flow
solutions have always been obtained. This case is indicated as
Figs. 3 and 4 on the Miller-Wood diagram, Fig. Ib.

In Fig. 5, the results for a flat-plate sharp-edged delta wing
with a grid size of 64 X 64 for M^ = 1.5 and a = 15 deg are
presented. The cross-flow velocity, Fig. 5a, shows the leading-
edge vortex and two shocks; a weak shock above the vortex at
its inner boundary and a strong shock below the vortex. The
latter is analogous to the flow in a convergent-divergent
channel flow. The cross-flow Mach contours, Fig. 5b, and the
surface pressure, Fig. 5c, clearly show the strong shock formed
under the vortex. These results confirm the observation by
Vorropoulos and Wendt2 and previous calculations using the
integral equation approach.6 This case is indicated as Fig. 5
on the Miller-Wood diagram, Fig. Ib.
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Fig. 6 Separated-flow solution, sharp edge, Mx = 2.4, a = 19 deg,
e2 = 0.1, e4 = 0.001; a) cross-flow velocity, b) cross-flow Mach con-
tours, and c) surface pressure.

Fig. 7 High-dissipation-level solution, round edge, M^ = 2, a = 10
deg, e2 = 0.25, e4 = 0.004; a) cross-flow velocity, b) cross-flow Mach
contours, and c) surface pressure.
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Fig. 8 Low-dissipation-level solution, round edge, M^ = 2,
a = 10 deg, e2 = 0.05, e4 = 0.0008; a) cross-flow velocity, b) cross-flow
Mach contours, and c) surface pressure.
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Fig. 9 High-dissipation-level solution, round edge, M^ = 2, a = 10
deg, c2 = 0.25, e4 = 0.004; a) cross-flow velocity and b) surface pres-
sure.

In Fig. 6, we show the results for a flat-plate sharp-edged
delta wing with a grid size of 64 X 64 for M^ = 2.4 and
a == 19 deg. The results clearly show the leading-edge vortex
and a strong shock above the vortex at its inner boundary.
Note that the leading-edge vortex is flattened due to that
shock. This case is indicated in Fig. 6 on the Miller-Wood
diagram, Fig. Ib.

Since a Kutta condition has not been enforced, the smallest
damping coefficients, as long as they are enough to dampen
the oscillations, implicitly satisfy this condition. The dissipa-
tion terms act as real viscous terms in the Navier-Stokes
equations where no Kutta condition is required. These results
are in full agreement with those in Refs. 11-15.

The preceding solutions are good engineering solutions since
they match the Navier-Stokes solutions for turbulent flows.

Round-Edged Wings
For all of the wings considered here, half the apex angle

5 = 2 deg and the sweep angle ft = 70 deg. Figures 7 and
8 show the results for a very coarse grid with two sets
of damping parameters e2 and c4 of (0.25,0.004) and
(0.05,0.0008), respectively. The first level of dissipation causes
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Fig. 10 Low-dissipation-level solution, round edge, M^ = 2, a = 10
deg, e2 = 0.05, e4 = 0.0008; a) cross-flow velocity and b) surface pres-
sure.

the flow to separate, Fig. 7, while the second level of dissipa-
tion does not, Fig. 8.

The separated-flow solution resembles the Navier-Stokes
solution14 and the real flow, and, hence, it is a good engineer-
ing solution, but it is not a proper Euler solution. It should be
noted from the iteration history shown in Fig. 7c of the
surface pressure that a cross-flow shock is formed at the 200th
iteration step and the flow is attached at the leading edge.
Behind the shock, there is a bump in the surface pressure
corresponding to a small vortical flow. As the time stepping
continues, the separated region at the shock base grows for-
ming the primary vortex, and the shock disappears.

This type of solution is exactly the same as that obtained
in Refs. 14 and 15 with a coarse grid (55 X 75) using
McCormack's scheme (a central-differencing approximation)
and in Ref. 16 with a very coarse grid (27 X 38) using the
upwind biased TVD scheme with local time stepping.

Figure 8 shows an attached-flow solution with a cross-flow
shock. It is noticed that some oscillations exist upstream and
downstream of the shock due to the low level of dissipation.
Although this solution is a proper Euler solution, it is not a
good engineering solution.

3

Fig. 11 Fine-grid solution, round edge, M^ = 2, a = 10 deg,
e2 = 0.25, £4 = 0.04; a) cross-flow velocity, b) cross-flow Mach con-
tours, and c) surface pressure.
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Fig. 12 Global-minimum time-stepping solution, round edge, M^ — 2,
a = 10 deg, e2 = 0.25, e4 = 0.004; a) cross-flow velocity and b) surface
pressure.

In Figs. 9 and 10, it is shown that the two types of solutions
are still possible with the coarse grid and damping parameters
of (0.25,0.004) and (0.05,0.0008). The iteration history given
in Fig. 9b for the surface pressure shows clearly that an
attached leading-edge flow with a cross-flow shock is pro-
duced in the first 200 iteration steps. Thereafter, flow sep-
aration and the formation of a primary vortex are produced.
Figure 10 shows the results of the attached-flow solution with
a cross-flow shock.

In Fig. 11, the results for a fine grid with a set of damping
parameters of (0.25,0.004) are presented. An attached-flow
solution with a cross-flow shock is obtained. Here, no oscilla-
tions are evident around the shock. A small bump in the
surface pressure (Fig. lie) is noticed at the spanwise station of
0.5, which corresponds to a vortical region produced by the
curved shock (numerical dissipation might have also contrib-
uted to this region), consistent with Crocco's theorem and
Newsome's calculations14 with the exception of its location.

Since the solutions obtained thus far are based on the local
time stepping, because of its computational efficiency, and-
since Chakrvarthy and Ota16 doubt that the separated-flow
solution may be due to the local time stepping, the next point
to be addressed is the effect of using global-minimum time

Fig. 13 Global-minimum time-stepping solution, round edge, M^ = 2,
a = 10 deg, e2 = 0.05, e4 = 0.0008; a) cross-flow velocity and b) surface
pressure.

stepping. Figures 12 and 13 show the results of this test for a
very coarse grid with the same sets of damping parameters as
used to obtain the separated- and attached-flow solutions (the
same cases as those in Figs. 7 and 8). Figure 12 shows that
global-minimum time stepping produces the same solution as
that obtained with local time stepping—a separated flow with
e2 = 0.25 and c4 = 0.004. Figure 13 shows again that global-
minimum time stepping produces the same solution as that
obtained with local time stepping—an attached flow with
e2 = 0.05 and e4 = 0.0008. The conclusion is simple: For the
same damping coefficients, local or global-minimum time
stepping produces the same solution.

Concluding Remarks
The influence of dissipation terms on Euler equation solu-

tions, for supersonic vortex-dominated flows about sharp- and
round-edged delta wings, using a central-difference finite-
volume method with Runge-Kutta time stepping and explicit
second- and fourth-order dissipation terms have been pre-
sented. For flat-plate sharp-edged delta wings, we have shown
that a separated-flow solution is obtained irrespective of the
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values of damping terms (as long as they are enough to obtain
a stable solution) or the grid sizes. Hence, these solutions are
good engineering solutions. For elliptic-section round-edged
delta wings, we have shown that separated- and attached-flow
solutions, using very coarse and coarse grids, are possible,
depending on the values of the damping parameters. We have
also shown that the solution is independent of the way time
stepping is done—local and global-minimum time stepping
produce the same solutions. For round-edged wings, a proper
Euler solution (attached flow at the leading edge) is obtained
only with a fine grid. Such a solution is not a good engineering
solution, and hence, the Navier-Stokes equation or a sim-
plified form of it must be used to obtain proper equation,
good engineering solutions.
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